This paper studies the dynamics of the Bose-Hubbard model with the nearest-neighbor repulsion by using time-dependent Gutzwiller methods. Near the unit fillings, the phase diagram of the model contains density wave (DW), supersolid (SS) and superfluid (SF). The above three phases are separated by two second-order phase transitions. We study "slow-quench" dynamics by varying the hopping parameters in the Hamiltonian as a function of time. In the phase transition from the DW to SS and SF, we focus on how the SF order forms and study scaling laws of the SF correlation length, vortex density, etc. The results are compared with the Kibble-Zureck scaling. On the other hand from the SF to DW, we study how the DW order evolves and generation of the domain walls and vortices. Measurement of first-order SF coherence reveals interesting behavior in the DW regime.
I. INTRODUCTION
Systems of ultra-cold atomic gases have the high versatility and controllability. In the last decades, ultra-cold atomic gas systems play an important role for the study on the quantum many physics as quantum simulators [1] [2] [3] [4] . In this paper, we study ultra-cold Bose gas systems as a quantum simulator for out-of-equilibrium dynamics of many-body quantum systems. For a finite-temperature quench, from the view point of the cosmology, Kibble [5, 6] studied how the system exhibits out-of-equilibrium behavior and pointed out that the phase transitions lead to topological defects as a result of spontaneous symmetry breaking of continuous symmetries. After the pioneering work by Kibble, Zurek [7] [8] [9] found that a similar phenomenon is to be observed in experiments on the condensed matter systems such as the superfluid (SF) of 4 He. Furthermore for the second-order phase transition, it was argued that physical quantities satisfy some kind of scaling laws with respect to the quench time that measures the speed of the "slow quench". The works by Kibble and Zurek stimulated many physicists, and there appeared many theoretical and experimental studies to test this conjecture, which is sometimes called KibbleZureck (KZ) mechanism and KZ scaling [10] . Recent experiments on ultra-cold atomic gases in a homogeneous density setup verified the KZ scaling law for the correlation length and topological defect formation [11, 12] .
Similar problem was also studied for quantum systems, i.e., how low-energy states evolve under a change of the parameters in the Hamiltonian crossing a quantum phase transition (QPT), i.e., the quantum quench [13] [14] [15] [16] [17] [18] [19] . This problem has also attracted great interest. Experiments on behaviors of quantum systems through QPTs were already done using the ultra-cold atomic gases as a quantum simulator [20] [21] [22] [23] [24] .
In the previous two papers [25, 26] , we study the outof-equilibrium dynamics of the ultra-cold Bose atoms on a square optical lattice by using the Bose-Hubbard models. In the practical calculation, we fixed the on-site and nearest-neighbor (NN) repulsions and varied the hopping amplitude in the Hamiltonian, and studied how the lowest-energy state evolves. In Ref. [25] , we investigated how the ground state evolves from the Mott insulator to SF by means of the time-dependent Gutzwiller (GW) methods. We first showed the behavior of the SF order parameter, and gave physical pictures of the out-ofequilibrium behavior of the system. We found that the physical quantities such as the correlation length of the SF, vortex density, etc. satisfy scaling laws and compared the obtained scaling exponents with the predicted values given in terms of the critical exponents of the static phase transition via the KZ hypothesis. On the other hand in Ref. [26] , we considered extended Bose-Hubbard model, which includes the NN repulsion. Phase diagram has the SF, density wave (DW) and also the supersolid (SS). For fairly weak NN repulsion, there exists a first-order phase transition directly connecting the DW and SF phases accompanying a finite jump in physical quantities [27, 28] . We focused on that parameter regime, and studied the quench dynamics from the DW to SF, and vice-versa.
In this work, we consider the intermediate strength of the NN repulsion. As a result, there exist two secondorder phase transitions separating the DW and SS, and also the SS and SF [27, 28] . Therefore, dynamics of an out-of-equilibrium multiple phase transition can be discussed.
This paper is organized as follows. In Sec. II, we introduce the extended Bose-Hubbard model on the square lattice, and define order parameters used to distinguish various phases. Equilibrium phase diagram obtained by the static GW methods is shown. There are three phases, i.e., DW, SS and SF.
In Sec. III, we show the results of the quench dynamics from the DW to SS, and also from the DW to SF through the SS. Behavior of the SF order parameter is investigated in detail and see if scaling laws of the SF correlation length, etc, hold. The results are compared with the KZ mechanism, and estimation of the critical exponents is given. We also calculate the SF correlation length in the SF regime and examine what kind of state forms there.
In Sec. IV, we study quench dynamics from the SF to DW through SS. Behavior of the SF order parameter depends on the quench time τ Q . For small τ Q (fast quench), domain walls of finite-size DWs form and the amplitude of the SF remains finite. We also show that quantum vortices are bound on domain walls. On the other hand for large τ Q (slow quench), individual DW region is large. However, the first-order correlation of the boson operator has a peculiar behavior. Its origin is discussed.
Section V is devoted for conclusion and discussion.
II. EXTENDED BOSE-HUBBARD MODEL AND EQUILIBRIUM PHASE DIAGRAM
We consider the two-dimensional extended BoseHubbard model (EBHM) described by the following Hamiltonian,
where i, j denotes a pair of NN sites of a square lattice, a † i (a i ) is the creation (annihilation) operator of boson at site i, and n i = a † i a i . J is the hopping amplitude, and µ is the chemical potential. There are two kind of repulsions in the model, i.e., U and V -terms in Eq. (1), which describe the on-site and NN repulsions, respectively. For J, V < U , the system is in the Mott insulator, whereas for J > U, V , the SF forms. On the other hand for V > J, U , the DW order is realized. As we see later on, there exists another phase, i.e., SS, which has both the DW and SF orders.
In this paper, we consider the system near the unit filling ρ = 1 Ns i n i = 1, where N s is the number of lattice sites. In most of the practical calculations, we set N s = 64 × 64 with the periodic boundary condition. In the previous work [26] , we focused on the system near the half filling ρ = 1/2 and weak NN repulsion such as V /U = 0.05, and studied the first-order phase transition between the DW and SF. On the other hand in this work, we consider the case ρ ≈ 1 and relatively large V , and study the phase transitions including the DW, SS and SF.
In order to obtain the phase diagram, we calculate the following order parameters to distinguish the above mentioned states,
where (−1) i stands for +1 (−1) for even sites (odd sites). In Eq. (2), Ψ i and |Ψ| measure the SF order, and ∆ DW for the DW, whereas a finite ∆ SF indicates the existence of the SS, which is called relative order parameter [29] . In the study of the non-equilibrium quench dynamics, the above quantities play an important role and they are measured as a function of time. Before going into the out-of-equilibrium dynamics of the system, we show the equilibrium phase diagram of the EBHM for V /U = 0.375 in Fig. 1 and the physical quantities in Fig. 2 , which are calculated by the static GW methods and used for identification of phases. There are three phases for V /U = 0.375, i.e., the SF, DW and SS. The SS has both the SF and DW order, and is located between the SF and DW in the phase diagram. There are two phase boundaries, and both phase transitions are of second order as the physical quantities in Fig. 2 indicate. This result is in good agreement with that of the previous study using quantum Monte-Carlo (QMC) simulations [28] although the regions of the SS phases are slightly larger than the QMC results.
In the subsequent sections, based on the phase diagram in Fig. 1 , we shall study out-of-equilibrium quench dynamics of the system that takes place when the system is crossing the phase boundaries as a result of temporal change in parameters in the Hamiltonian in Eq.(1). In the practical calculation, we fix U = 1 as the unit of energy, and also we focus on the case with V = 0.375 as in the static case. In the previous work [26] , we studied the system with V = 0.05, in which the SS does not forms near ρ ≈ 0.5 and a first-order phase boundary exists between the SF and DW. In the present work, we are interested in how the system evolves when it crosses the multiple second-order phase transitions, etc.
III. TRANSITION FROM DW TO SS AND SF
In this section, we consider the dynamics of the transitions from the DW to SS and SF. As shown in Fig. 3 , the mean particle density ρ ≈ 1 for µ/U = 1.5, and then the DW is the (2,0)-type one. Phase transition from the DW to SS takes place at J = J c1 ≃ 0.10, and from the SS to SF at J = J c2 ≃ 0.22, respectively.
We consider the transition from the DW to SS first, and employ the time-dependent GW (tGW) methods to study the out-of-equilibrium dynamics. In the practical calculation, the following quench protocol is used; where τ Q is called quench time. The protocol in Eq. (3) indicates that the system crosses the equilibrium phase transition point J c1 at t = 0, and the quench terminates at t = τ Q with J(τ Q ) = 2J c1 (< J c2 ).
In Fig. 4 , we show the SF order parameter |Ψ| as a function of time (t) for τ Q = 300. Ψ exhibits a similar behavior to that in the transition from the Mott to SF in the V = 0 case studied previously. As in the previous works, we define the transition timet from the frozen to adiabatic regimes by Ψ(t) = 2Ψ(0) [25] . On the other hand, t eq is the time at which the oscillating behavior of Ψ starts. Physical picture of the oscillating regime was explained in the previous paper [25] . The amplitude of SF, Ψ, develops quite rapidly fromt to t eq . On other hand, the correlation length only doubles in that period. Genuine coarsening process of the long-range SF coherence takes place between t eq to t ex , where t ex is the time at which the oscillation of Ψ terminates.
It is quite interesting and important to see if scaling laws of physical quantities, such as the SF correlation length and vortex density, with respect to the quench
where θ i is the phase of Ψ i andx (ŷ) is the unit vector in the x (y) direction. As the transition from the DW to SS is a second-order phase transition, one may expect that the correlation length, ξ, and the vortex density, N v , satisfy a scaling law with the critical exponents of the 3D XY model. However, the DW and (critical regime of) SS are not homogeneous and also there exists the NN repulsions, and then a simple relation between the exponents such as d = 2b may not hold, where exponent
Q . We show the obtained results in Fig. 5 for both t =t and t = t eq cases. It is obvious that ξ and N v both satisfy a fairly good scaling law from τ Q = 20 to τ Q = 400. Exponents are estimated as b = 0.32 and d = 0.25 for t =t, and b = 0.28 and d = 0.50 for t = t eq , respectively. The vortex density at t = t eq is smaller compared to that at t =t. Then, the interactions between vortices are less effective at t = t eq , and as a result, the expected relation d ≈ 2b holds for t = t eq .
We also show the scaling oft and t eq with respect to τ Q in Fig. 5 . For a second-order phase transition with the correlation-length exponent ν and dynamical exponent z, the KZ hypothesis givest, t eq ∝ τ νz/1+νz Q and ξ ∝ τ ν/1+νz Q . From the above results, we can estimate the critical exponents ν and z as ν = 0.51, z = 1.18 from the data att, and ν = 0.40, z = 1.07 from the data at t eq , respectively. These values are fairly close to those obtained by the numerical simulation of the 3D XY model, i.e., ν = 0.672 and z = 1 [30] . Let us turn to the case from the DW to SF through the SS. Quench protocol is as follows,
where we take the quench-termination time t f = 700 for the case of τ Q = 300. In Fig. 6 , we show the behaviors of Ψ and ∆ DW as a function of time for τ Q = 300. We also show snapshots of the phase of Ψ i in Fig. 6 (the upper panels). The DW order parameter decreases smoothly after the system passes the point J/U ≈ 0.1, whereas the SF order parameter increases very rapidly aftert, and the coarsening process of the phase of Ψ i takes place smoothly from t eq to t ex . It is interesting to see how the correlation length evolves under the quench, in particular, after the second critical point J c2 . The result is shown in Fig. 7 . Fromt to t eq , the correlation length doubles, whereas it increases rapidly after t eq as a result of the coarsening process of the phase degrees of freedom of Ψ i . The calculation in Fig. 7 suggests that the correlation length diverges for large t. This result indicates that SF state at a finite temperature forms in that regime and it has a divergent Kosterlitz-Thouless type correlation length, i.e., the quench of the hopping amplitude injects energy into the system, and an equilibrium finite-temperature SF state is realized as a result. In this section, we shall study dynamical behavior of the EBHM under the quench from the SF to DW. In the previous paper, we studied a related problem concerning to the first-order phase transition from the SF to the DW. In this work, we consider the case of the multiplesecond-order phase transition, i.e., SF → SS → DW. The practical protocol is the following;
where
and also we choose the final value as J f = J(t f ) = 0, i.e., the quench terminates at t = t f =
Jc1
Ji−Jc1 τ Q . See Fig. 8 . As the initial state, we use a GW-type wave function, in which small local fluctuations of the phase of {Ψ i } are added to the equilibrium GW ground state. If we start the time evolution with the genuine SF state with a totally coherent phase, a DW-SF heterogeneous state forms as we showed in the previous work for the first-oder phase transition. We first show the SF amplitude Ψ as a function of J(t)/U in Fig. 9 for various quench times τ Q 's. As explained above, J c1 /U ≃ 0.10 and J c2 /U ≃ 0.22. For larger τ Q , the results are getting closer to the static case as it is expected. However in all cases, the SF amplitude |Ψ| has a finite value for t → t f .
It is also interesting to see density profile at t = t f for the above various τ Q 's. We show the obtained results in Fig. 10 . For every τ Q , there are domain walls separating DW regions, and for larger τ Q , the less domain walls form. Close look at domain walls shows that the pattern of the DWs changes at domain walls and in domain walls, the expectation value of particle number at each site fluctuates and takes a fractional value.
Next, physical quantities Ψ, ∆ DW and ∆ SF are shown in Fig. 11 ∆ SF exhibit expected behaviors. In order to investigate a SF phase coherence in detail, we calculated the first-order correlation defined by
In Fig. 11 , we show the calculation of F o for τ Q = 300 as a function of time. After t = 0, F o exhibits fluctuating behavior and close look at the oscillating regime shows that the period T ≈ 1. In Fig. 12 , we show F o as a function of time for τ Q = 50, 200 and 300. For ever quench time τ Q , F o exhibits oscillating behavior after passing t ≈ 0, but the pattern of oscillation strongly depends on τ Q . This behavior may be related to the collapse-revival phenomenon that results from the surviving phase coherence of the SF as studied in Refs. [31] [32] [33] [34] [35] [36] . In fact for the product of the genuine coherent state,
In the DW-type configurations such as ρ i , ρ j ≫ ρ k , ρ ℓ , the on-site U -term in Eq. (8) dominates over the NN Vterm, and the oscillation period approximately is given by 2π/U . This explains the result in Fig. 11 .
In order to verify the above expectation, we study the cases of various τ Q 's, and show F o and vortex configurations for J/U ≈ 0 in Fig. 12 . For τ Q = 50 and 200, rather clear domain walls exist, and interestingly enough, large amount of vortices reside on these domain walls. Therefore, the SF phase coherence is destroyed. On the other hand for τ Q = 300, existence of domain walls are not so clear, and the number of vortices is small and vortices seem locate rather randomly. We expect that this is the origin for the oscillating behavior of F o . In summary, we observe that for slower quench from the SF to DW, the SF amplitude |Ψ| is getting smaller but the SF phase coherence is getting stronger compared to the faster quench as the vortex distribution and the first-order correlation F o indicate.
V. CONCLUSION AND DISCUSSION
In this paper, we studied the EBHM on the square lattice, which is expected to be realized by the ultra-cold atomic gases and quantum simulated. We first clarify the phase diagram of the system near the unit filling and V /U = 0.375. There are three phases, the WD, SS and SF. Then we studied the non-equilibrium quench dynamics by varying the hopping amplitude as a function of time.
In the quench dynamics from the DW to SS, we observed the time evolution of the SF amplitude and verified that it exhibits similar behavior in the Mott to SF second-order phase transition. The correlation length of the SF order, vortex density,t and t eq , all exhibit the scaling laws with respect to the quench time τ Q . By using the KZ scaling hypothesis, the values of critical exponents ν and z are estimated from our numerical simulations, and we found that z is close to the value of the 3D XY model and ν is also fairly close to the value of the 3D XY model. Next, we investigated the quench dynamics from the DW to SF through the SS. We verified that the phase degrees of freedom of the SF order parameter experiences the coarsening process as in the Mott to SF transition. The correlation length of the SF was also measured and we found that it gets large in the SF regime. This result implies that a SF at finite temperature forms as a result of the energy injection by the quench. On the other hand, the DW order smoothly decreases after passing the static transition point to the SS and vanishes at the transition to the SF.
Finally, we investigated the quench dynamics from the SF to DW. The SF amplitude starts to decrease at the SF-SS transition point J c2 . After passing the SS-DW transition point, it exhibits the oscillating behavior for τ Q = 300. Observation of the first-order correlation of the SF indicates that it is nothing but the collapse-revival phenomenon of the quenched SF correlation in the DW regime. Similar phenomenon was discussed for the SFMott quench dynamics in the previous paper.
We hope that phenomena that were investigated in this work will be observed in ultra-cold atomic experiments in the near future. Recently, there appeared very interesting theoretical study on universality in the dynamics of quench phase transition [37] . There, by using equations of motion or Ginzburg-Landau-type arguments, the KZ scaling was rederived. It is quite interesting to see how this approach is applied to the present multi-second-order phase transitions. This problem is under study, and results will be reported in a future publication.
